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a b s t r a c t 

Cosserat continuum method can be used to solve stress concentration of holes. However, with the shape limita- 

tion of its elements, it is worthwhile to improve the element quality so that this method can be universal and 

feasible to complex situations. In this paper, a flexible polygonal Cosserat continuum analysis method is firstly 

deduced and numerically developed based on the theory of Scaled Boundary FEM. Stress concentration on the 

holes embedded in different structures is then investigated using the proposed method and verified against the- 

oretical solution, which not only shows good agreement, but also reasonably weakens the stress concentration. 

The proposed method can closely replicate the theoretical solution for the case when the material is nearly in- 

compressible (Poisson’s ratio close to 0.5), also indicating the robustness of this method. Additionally, complex 

polygonal elements can be solved directly, coupling the quadtree and polygon discretization techniques seam- 

lessly, wherein the efficiency and convenience are improved for processing complex geometries. The proposed 

method can provide important technical support for stress concentration analysis of structures with complex 

holes, and contribute to facilitating shape optimization of holes design. 

1

 

t  

t  

n  

a  

b
 

t  

s  

d  

l  

o  

a  

o  

s
 

b  

S  

p  

i  

c  

m  

t  

m  

p  

t  

m  

p  

a
 

t  

a  

o  

d  

r  

g  

l  

d  

h

R

A

0

. Introduction 

For the consideration of aesthetics, functional requirements, and ma-
erial optimization, holes play an important role in many fields of struc-
ural design (e.g. in civil and hydraulic engineering, mechanical engi-
eering, aerospace engineering, medical bioengineering, etc.). Besides,
 considerable micropores have also been observed in some structures,
ecause of material defects (such as 3D printing structure [1] ). 

However, local high stress would emerge inevitably, when the struc-
ure shape changes rapidly (e.g. orifice). This phenomenon is called
tress concentration, as a consequence, the fatigue cracks could be in-
uced unavoidably in the long-term operation service, subsequently,
eading to fractures or damages, and eventually, shorten the service life
f the structure, and may even induce serious secondary damage. As
 result, it is of great significance to simulate the stress concentration
f the opening reasonably and effectively so that the stress state of the
tructure can be revealed accurately. 

Based on the classical theory of elasticity, abundant researches have
een carried out worldwide on stress concentration at the hole edge.
ome key works are listed as follows: the plane complex function [2] is
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roposed to solve the stress concentration problem effectively, contain-
ng a single hole. Kirsch presented a real function method [3] , which
an be used to obtain the stress distribution easily. The series expansion
ethod and the corresponding improved method [4–7] can deal with

he multihole problems under certain conditions. Schwarz alternating
ethod [8 , 9] provides an effective way to solve the plane multihole
roblems, in which the selection of iterative technique is very impor-
ant. With the development of finite element theory and boundary ele-
ent technology [10–12] , in terms of macro mechanical response, the
roblems involved with nonlinearity and anisotropy have been allevi-
ted effectively, making the analytical scale significantly improved. 

The mechanical properties of materials (including the stress concen-
ration at the orifice) is closely related to the microstructure of materi-
ls, which is difficult to be considered in the numerical method based
n classical continuum theory. In Cosserat continuum, the rotational
egrees of freedom, the micro-curvatures as spatial derivatives of the
otational degrees of freedom, the coupled stresses energetically conju-
ate to the micro-curvatures and the material parameter called internal
ength scale, which is interrelated to material microstructure, are intro-
uced.In doing so, the shear band failure induced by localized strain can
 February 2021 
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Fig. 1. stress and couple-stress in a two-dimensional Cosserat continuum. 
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e simulated effectually [13–17] . Moreover, combining with the finite
lement theory, the stress concentration of the orifice and the structural
icroeffect can be investigated with satisfactory. Thus, the practicabil-

ty of the Cosserat continuum method [18–20] is further enhanced. In
he development of Cosserat methodology, Providas et al. [21] derived
nd numerically developed three kinds of plane triangle Cosserat el-
ments; Zhang et al. presented a quadrilateral isoparametric element
nalysis method [22] ; Tang et al. developed a Cosserat low-order mixed
lement [23] . Furthermore, Khoei et al. [24] put forward the Cosserat
ontinuum method for solving three-dimensional space problems; Go-
io et al. [25] extended the application to a dynamic analysis of plates;
 Cosserat continuum numerical method is achieved in the works of
lsaleh et al. [26] and Tang et al. [27] , aiming to investigate the shear
and observed in coarse-grained soil. Overall speaking, the Cosserat the-
ry has developed rapidly and has been widely adopted, which would
ave a good application prospect. 

With the development of computer technology, abundant new ideas
nd concepts have been introduced into structural design. More com-
lex structures are designed involving various forms of opening and
aldistribution in space. The frequently-used method based on isopara-
etric theory has limitations on meshing shapes (quadrilateral, hexahe-
ral, and degenerate conditions), therefore may require frequent manual
nteractions, and lead to low-grade automation when processing com-
lex geometric boundaries. Consequently, the pre-processing process is
umbersome and inefficient when the Cosserat FEM is applied to the
nalysis of complex structures. The application performance and devel-
pment potential can be improved once the universality and flexibility
f Cosserat FEM can be optimized. 

Polygons possess comparable generality and flexibility relative to
uadrilateral elements, which can enhance the adaptability to complex
oundary, therefore more matured developments and applications [28–
1] can be achieved. Among them, the Scaled Boundary Finite Element
ethod (SBFEM) [32] is an emerging numerical methodology, equipped
ith the advantages of dimension reduction, easy-construct polygon and

imple data structure. It has made significant progress and been used in
pplications in electromagnetics [33] , crack propagation [34–40] (mo-
entous and novel alternative approaches to failure analysis), tran-

ient wave propagation [41] , soil-structure interaction [42] , thermology
43] , fluid-solid coupling [44 , 45] , complex element technique [46 , 47] ,
eotechnical nonlinear analysis [48–50] , analysis of sandwich plates
51–53] , damage simulation of structures [54–58] and other fields, solv-
ng many practical problems in researches. 

Recently, on the strength of the development of automatic image-
ased discretization technology [32 , 46 , 59] , the analysis performance
f SBFEM is further enhanced. Inspired by these works, a combination
f the SBFEM with the spectral cell method (SCM) is proposed, to over-
ome suboptimal convergence due to the inaccurate representation of
he boundary [60] , and transient analyses of complex geometries are
tudied. Subsequently, the image-based approach has been extended to
he thermal conductivity of heterogeneous materials [61] and the elasto-
lastic simulation of complex structures [62] . Overall, it can be consid-
red that SBFEM combined with image-based discretization method can
ffectively manage many problems in automatic simulation of complex
tructures, and has a good guiding role for the follow-up researches and
pplications in related fields. 

In this paper, a newly analysis method of plane Cosserat polygon el-
ment is derived and numerically developed, based on the framework of
BFEM theory. Then, this method is verified against theoretical solution
n an example simulation of a circular hole on an infinite thin plate, and
urther stability is strengthened when simulating a nearly incompress-
ble material of the same case. On the whole, a higher accuracy has been
bserved using the proposed method, especially when the material is
early incompressible. Subsequently, different opening hole forms are
imulated, for the sake of examining the flexibility for complex geomet-
ics. Moreover, as the quadtree grids are introduced, the efficiency of
omplex structure analysis would be improved satisfactorily. 
137 
. SBFEM formulation for cosserat continuum 

.1. Synopsis of cosserat continuum 

In the plane theory, each material point in the two dimensional
osserat continuum has three degrees of freedom, and the displacement
ector is expressed as follows: 

 = 

[
𝑢 𝑥 𝑢 𝑦 𝜔 𝑧 

]𝑇 
(1) 

here the u x ,u y and 𝜔 z are translational and rotational DOFs, and the cor-
esponding strain and stress vectors can be derived: 

 = 

[
𝜀 𝑥𝑥 𝜀 𝑦𝑦 𝜀 𝑧𝑧 𝜀 𝑥𝑦 𝜀 𝑦𝑥 𝜅𝑧𝑥 𝑙 c 𝜅𝑧𝑦 𝑙 c 

]𝑇 
(2) 

= 

[
𝜎𝑥𝑥 𝜎𝑦𝑦 𝜎𝑧𝑧 𝜎𝑥𝑦 𝜎𝑦𝑥 𝑚 𝑧𝑥 ∕ 𝑙 c 𝑚 𝑧𝑦 ∕ 𝑙 c 

]𝑇 
(3) 

In Eqs. (2) and (3) , 𝜅zx , 𝜅zy represent micro curvatures, m zx ,m zy are the
orresponding couple stresses (as shown in Fig. 1 ), l c indicates the inter-
al length parameter of the material. 

In the theory of elasticity, the strain displacement relationship and
he mechanical equilibrium equation can be expressed as 

 = 𝐋 𝒖 (4)

 

𝑇 𝝈 + 𝐟 = 𝟎 (5)

here the linear operator matrix L is written as 

 

𝑇 = 

⎡ ⎢ ⎢ ⎢ ⎣ 
𝜕 

𝜕𝑥 
0 0 0 𝜕 

𝜕𝑦 
0 0 

0 𝜕 

𝜕𝑦 
0 𝜕 

𝜕𝑥 
0 0 0 

0 0 0 −1 1 𝜕 

𝜕𝑥 

𝜕 

𝜕𝑦 

⎤ ⎥ ⎥ ⎥ ⎦ (6) 

he linear elastic stress-strain relationship is expressed as 

= 𝑫 𝑒 𝜺 𝑒 (7) 

ith the isotropic modulus matrix D e , written as 

 𝑒 = 

⎡ ⎢ ⎢ ⎢ ⎢ ⎢ ⎢ ⎢ ⎢ ⎣ 

𝜆 + 2 𝐺 𝜆 𝜆 0 0 0 0 
𝜆 𝜆 + 2 𝐺 𝜆 0 0 0 0 
𝜆 𝜆 𝜆 + 2 𝐺 0 0 0 0 
0 0 0 𝐺 + 𝐺 c 𝐺 − 𝐺 c 0 0 
0 0 0 𝐺 − 𝐺 c 𝐺 + 𝐺 c 0 0 
0 0 0 0 0 2 𝐺 0 
0 0 0 0 0 0 2 𝐺 

⎤ ⎥ ⎥ ⎥ ⎥ ⎥ ⎥ ⎥ ⎥ ⎦ 
(8) 
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Fig. 2. Polygon representation of scaled boundary finite element method. 
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here 𝜆 = 2 𝐺𝜐∕ ( 1 − 2 𝜐) is the Lame constant, G and 𝜐 are the shear modu-
us and Poisson’s ratio in classical elasticity, and G c is the Cosserat shear
odulus. 

.2. Summary of scaled boundary finite element method 

For any calculated domain, n -sided polygons can be used to perform
he discretization ( n is an arbitrary integer greater than 2) as long as
ach polygon meets the scale center requirements of SBFEM (the scale
enter can be directly seen from any point on the boundary). This can be
egarded as an SBFEM sub-element. The numerical results of the whole
roblem can be obtained after each sub-element is solved separately. 

This method is widely employed and abundant literature (e.g. [32] )
an be referred. Therefore, only some key equations are introduced
erein. A representative polygon element calculated using SBFEM is il-
ustrated in Fig. 2 , in which the scale center is defined in its geometric
enter. The boundary of a polygon is discretized via a one-dimensional
ine element, and the local coordinate system ( 𝜉, s ) is introduced, refer-
ing to the FEM. The radial coordinate 𝜉 is taken as 0 at scale center O
nd becomes 1 at the boundary, as well as, the value of circular coor-
inates is set as − 1 ≤ s ≤ 1. Then, the coordinates of any point on the
ine element can be obtained according to the node coordinates on the
oundary, as shown in Eqs. (9) and (10) . 

 𝑏 ( 𝑠 ) = 𝑵 ( 𝑠 ) 𝐱 𝑏 (9)

 𝑏 ( 𝑠 ) = 𝑵 ( 𝑠 ) 𝐲 𝑏 (10)

 ( 𝑠 ) = 

[
𝑁 1 ( 𝑠 ) , 𝑁 2 ( 𝑠 ) , 𝑁 3 ( 𝑠 ) , … , 𝑁 𝑚 ( 𝑠 ) 

]
(11)

here N ( s ) is the shape function of a line element contains m nodes, with
nlimited order in Eq. (11) . Only the boundaries are discreted for any el-
ments, avoiding complex mesh generation for the degree raising of the
hape function. As a result, the order of shape function can be increased
ccording to the actual demands. The standard one-dimensional Gauss-
obatto-Lagrange function is selected. After obtaining the geometric co-
rdinates of the boundary, the coordinates of any point in the solved
omain can be determined through the introduced radial coordinate 𝜉,
s shown in Eqs. (12) and (13) . 

 ( 𝜉, 𝑠 ) = 𝜉𝑵 ( 𝑠 ) 𝐱 𝑏 (12)

 ( 𝜉, 𝑠 ) = 𝜉𝑵 ( 𝑠 ) 𝐲 (13)
𝑏 
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The displacement field of any point in the sector can be expressed in
he form of Eq. (14) with SBFEM coordinates, which is formed by con-
ecting the line between each boundary element and the scale center.

 ( 𝜉, 𝑠 ) = 𝑁 𝑢 ( 𝑠 ) 𝒖 ( 𝜉) (14) 

here u ( 𝜉) is the radial displacement function, and N u ( s ) is the interpo-
ation function of the boundary line element. 

.3. SBFEM formulation for Cosserat Continuum 

In the framework of SBFEM, the formula of SBFEM-Cosserat is de-
uced and the polygon Cosserat element is constructed. As it is known,
he following are relations between physical coordinates and parameter
oordinates in isoparametric element: 
 

𝜕 

𝜕𝜉
𝜕 

𝜕𝑠 

] 

= 𝑱̂ 

[ 

𝜕 

𝜕𝑥 
𝜕 

𝜕𝑦 

] 

, 𝑱̂ = 

[ 
1 

𝜉

] [ 
𝑥 ( 𝑠 ) 𝑦 ( 𝑠 ) 
𝑥 ( 𝑠 ) ,𝑠 𝑦 ( 𝑠 ) ,𝑠 

] 
(15)

 

𝜕 

𝜕𝑥 
𝜕 

𝜕𝑦 

] 

= 𝑱̂ 
−1 
[ 

𝜕 

𝜕𝜉
𝜕 

𝜕𝑠 

] 

= 

[ 

𝑦 ( 𝑠 ) ,𝑠 
𝜕 

𝜕𝜉
− 

1 
𝜉
𝑦 ( 𝑠 ) 𝜕 

𝜕𝑠 

− 𝑥 ( 𝑠 ) ,𝑠 
𝜕 

𝜕𝜉
+ 

1 
𝜉
𝑥 ( 𝑠 ) 𝜕 

𝜕𝑠 

] 

(16)

By substituting the Eq. (6) , the linear operator matrix L for Cosserat
ontinuum can be obtained: 

 = 𝒃 1 
𝜕 

𝜕𝜉
+ 

1 
𝜉
𝒃 2 

𝜕 

𝜕𝑠 
+ 𝒃 3 (17)

here the formulations of coefficient matrix b i can be written as 

 

𝑇 
1 = 

⎡ ⎢ ⎢ ⎣ 
𝑦 ( 𝑠 ) ,𝑠 0 0 0 − 𝑥 ( 𝑠 ) ,𝑠 0 0 
0 − 𝑥 ( 𝑠 ) ,𝑠 0 𝑥 ( 𝑠 ) ,𝑠 0 0 0 
0 0 0 0 0 𝑦 ( 𝑠 ) ,𝑠 − 𝑥 ( 𝑠 ) ,𝑠 

⎤ ⎥ ⎥ ⎦ (18) 

 

𝑇 
2 = 

⎡ ⎢ ⎢ ⎣ 
− 𝑦 ( 𝑠 ) 0 0 0 𝑥 ( 𝑠 ) 0 0 
0 𝑥 ( 𝑠 ) 0 − 𝑦 ( 𝑠 ) 0 0 0 
0 0 0 0 0 − 𝑦 ( 𝑠 ) 𝑥 ( 𝑠 ) 

⎤ ⎥ ⎥ ⎦ (19) 

 

𝑇 
3 = 

⎡ ⎢ ⎢ ⎣ 
0 0 0 0 0 0 0 
0 0 0 0 0 0 0 
0 0 0 −1 1 0 0 

⎤ ⎥ ⎥ ⎦ (20) 

y substituting Eq. (4) and Eq. (14) , the expression of the strain matrix
s expressed as 

 = 𝑩 

𝐶 
1 𝒖 ( 𝜉) ,𝜉 + 

1 
𝜉
𝑩 

𝐶 
2 𝒖 ( 𝜉) + 𝑩 

𝐶 
3 𝒖 ( 𝜉) (21)

 

𝐶 
1 ( 𝑠 ) = 𝒃 1 𝑵 𝑢 ( 𝑠 ) 
 

𝐶 
2 ( 𝑠 ) = 𝒃 2 𝑵 𝑢 ( 𝑠 ) ,𝑠 
 

𝐶 
3 ( 𝑠 ) = 𝒃 3 𝑵 𝑢 ( 𝑠 ) 

(22) 

In the formula, the radial displacement function u ( 𝜉) can be obtained
y solving the SBFEM governing equation, as shown in the following: 

 0 𝜉
2 𝒖 ( 𝜉) 𝜉𝜉 + 

(
𝑬 0 − 𝑬 1 + 𝑬 

𝑇 
1 
)
𝜉𝒖 ( 𝜉) 𝜉 − 𝑬 2 𝒖 ( 𝜉) + 𝑭 ( 𝜉) = 0 (23)

Eq. (23) is a second-order non-homogeneous partial differential
quation with 𝜉 as a variable, where E i ( i = 0, 1, 2) is a coefficient matrix
nly related to material properties and geometry, and the expression is
hown in Eq. (24). F ( 𝜉) is an external load vector. When F ( 𝜉) takes zero
alue, the equation can be transformed into a first-order homogeneous
ifferential equation by introducing a variable X ( 𝜉). 

 0 = ∫
+1 

−1 

[
𝑩 

𝐶 
1 
]𝑇 ( 𝑠 ) 𝑫 𝑒 

[
𝑩 

𝐶 
1 
]|𝑱 ( 𝑠 ) |𝑑𝑠 (24a) 

 1 = ∫
+1 

−1 

[
𝑩 

𝐶 
2 ( 𝑠 ) + 𝑩 

𝐶 
3 ( 𝑠 ) 

]𝑇 
𝑫 𝑒 

[
𝑩 

𝐶 
1 ( 𝑠 ) 

]|𝑱 ( 𝑠 ) |𝑑𝑠 (24b) 

 2 = ∫
+1 [

𝑩 

𝐶 
2 ( 𝑠 ) + 𝑩 

𝐶 
3 ( 𝑠 ) 

]𝑇 
𝑫 𝑒 

[
𝑩 

𝐶 
2 ( 𝑠 ) + 𝑩 

𝐶 
3 ( 𝑠 ) 

]|𝑱 ( 𝑠 ) |𝑑𝑠 (24c) 
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Fig. 3. Schematic diagram of integration on polygon 

element. 

Fig. 4. Stress concentration problem of circular hole in rectangular plate: (a) geometric domain, and (b) classical continuous physical solution. 
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In the formula, D e is the elastic constitutive matrix, | J ( s )| represents
acobian matrix determinant, and when the intermediate variable ma-
rix X ( 𝜉) is introduced, the Eq.(23) can be rewritten as 

 ( 𝜉) − 

{ 

𝒖 ( 𝜉) 
𝒒 ( 𝜉) 

} 

(25)

𝑿 ( 𝜉) 𝜉 = − 𝒁 𝑿 ( 𝜉) (26)

here the Hamilton matrix Z is expressed in Eq.(27), and q ( 𝜉) is the
orresponding internal node force vector of u ( 𝜉). 

 = 

[ 
𝑬 

−1 
0 𝑬 

𝑇 
1 − 𝑬 

−1 
0 

𝑬 1 𝑬 

−1 
0 𝑬 

𝑇 
1 − 𝑬 2 − 𝑬 1 𝑬 

−1 
0 

] 
(27)

After the eigenvalue decomposition is performed to the Hamilton
atrix Z , the following equation can be obtained for each polygon ele-
ent. 

 

[ 
𝝍 𝑢 

𝝍 𝑞 

] 
= 

[ 
𝝍 𝑢 

𝝍 𝑞 

] 
𝑺 𝑛 (28)

here S n is a diagonal matrix composed of negative eigenvalues gener-
ted from the decomposition of Z matrix, 𝜓 u and 𝜓 q are transformation
atrices corresponding to displacement and stress modes, respectively.
hen, for any polygon element, the solution of Eq. (23) is provided as
ollows: 

 ( 𝜉) = 𝝍 𝑢 𝜉
− 𝑺 𝑛 𝒄 𝑛 

 ( 𝜉) = 𝝍 𝑞 𝜉
− 𝑺 𝑛 𝒄 𝑛 

(29) 

n which c n is an integral constant matrix, and it can be solved from the
ode displacement u on the boundary of the polygon element. Thus, the
b 

139 
quivalent form function Φ( 𝜉, s ) can be obtained, similar to the FEM, and
ts expression is given as follows: 

 𝑛 = 𝝍 

−1 
𝑢 
𝒖 𝑏 (30) 

( 𝜉, 𝑠 ) = 𝑵 𝑢 ( 𝑠 ) 𝝍 𝑢 𝜉
− 𝑆 𝑛 𝝍 

−1 
𝑢 

(31) 

Substituting the displacement expression (29) into Eq. (21) , the
train matrix can be rewritten as Eq. (32) ; then the strain-displacement
atrix can be extracted. 

 = 

([
𝑩 

𝐶 
1 𝝍 𝑢 

[
− 𝑺 𝑛 

]
+ 𝑩 

𝐶 
2 𝝍 𝑢 

]
𝜉− 𝑺 𝑛 − 𝑰 𝝍 

−1 
𝑢 

+ 𝑩 

𝐶 
3 𝝍 𝑢 𝜉

− 𝑺 𝑛 𝝍 

−1 
𝑢 

)
𝒖 𝑏 (32) 

 

𝐶 
𝑢 
= 

[
𝑩 

𝐶 
1 𝝍 𝑢 

[
− 𝑺 𝑛 

]
+ 𝑩 

𝐶 
2 𝝍 𝑢 

]
𝜉− 𝑺 𝑛 − 𝑰 𝝍 

−1 
𝑢 

+ 𝑩 

𝐶 
3 𝝍 𝑢 𝜉

− 𝑺 𝑛 𝝍 

−1 
𝑢 

(33)

After calculating the node displacement, the displacement field in
he element can be obtained via shape function interpolation. Similar to
EM, Eq. (34) can be obtained using the principle of virtual work. 

Ω
𝛿𝜺 𝑇 Δ𝜎( 𝜉, 𝑠 ) 𝑑Ω = ∫Γ 𝛿𝒖 𝑇 𝒇 𝑡 𝑑Γ + ∫Γ 𝛿𝒖 𝑇 𝑓 𝑏 𝑑Γ− ∫Ω 𝛿𝜺 𝑇 𝜎( 𝜉, 𝑠 ) 𝑑Ω (34) 

here Δ𝜎( 𝜉,s ) represents stress increment, f t and f b are boundary shear
orce vector and bulk force density respectively, and 𝛿𝜀 ( 𝜉,s ) is virtual
train field corresponding to virtual displacement field 𝛿u ( 𝜉,s ). Since the
irtual strain can be taken as any value, a further deduction is conducted
or each polygon element: 

∫Ω [
𝑩 

𝐶 
𝑢 
( 𝜉, 𝑠 ) 

]𝑇 
𝑫 𝑒 

[
𝑩 

𝐶 
𝑢 
( 𝜉, 𝑠 ) 

]
𝑑Ω

)
Δ𝒖 𝑏 = 

(∫Γ 𝚽𝑇 ( 𝜉, 𝑠 ) 𝒇 𝑡 𝑑Γ+ ∫Γ 𝚽𝑇 ( 𝜉, 𝑠 ) 𝒇 𝑏 𝑑Ω
)

− 

(∫Ω [
𝑩 

𝐶 
𝑢 
( 𝜉, 𝑠 ) 

]𝑇 
𝝈( 𝜉, 𝑠 ) 𝑑Ω

)
(35) 
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Fig. 5. Generation of polygonal elements based 

on delaunay triangulation. 
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The first bracket on the left side of the equation is defined as the
tiffness matrix K, the first term on the right side is the external force
ector R ext , and the second term represents the internal force vector R int ,
hen Eq. (35) can be abbreviated as: 

 Δ𝒖 𝑏 = 𝐑 𝑒𝑥𝑡 − 𝐑 𝑖𝑛𝑡 (36)

After calculating the single stiffness, the elastic stiffness matrix of
he whole domain can be obtained through the assembly according to
egrees of freedom. Then the global equilibrium equation is offered
s Eq. (37) , in which ΔU b is the node displacement increment for the
oundary of the whole domain. ∑

𝐊 

)
Δ𝐔 𝑏 = 

∑
( 𝐑 𝑒𝑥𝑡 − 𝐑 𝑖𝑛𝑡 ) (37)

Hammer quadrature is selected to solve the aforementioned equilib-
ium equation, and the integration scheme is shown in Fig. 3 . Then the
orresponding stiffness matrix and internal and external force vectors
an be solved as follows. 

 = 

3 𝑛 ∑
𝑖 =1 

[
𝑩 

𝐶 
𝑢 

]𝑇 
𝑖 
( 𝜉, 𝑠 ) 𝑫 

𝑖 
𝑒 

[
𝑩 

𝐶 
𝑢 

]
𝑖 
( 𝜉, 𝑠 ) 𝐴 𝑖 (38)

The external load vector R ext can be extracted from Eq. (35) and is
xpressed as 

 𝑒𝑥𝑡 = ∫Γ 𝚽
𝑇 ( 𝜉, 𝑠 ) 𝒇 𝑡 𝑑Γ+ ∫Ω 𝚽𝑇 ( 𝜉, 𝑠 ) 𝒇 𝑏 𝑑Ω (39)

The first term on the right-hand-side of Eq. (39) is the distributed
oad on the boundary. It can be further simplified, considering that at the
olyhedron boundary ( 𝜉= 1) Ф ( 𝜉, s ) = N u ( s ) applies. This can be written
s 

Γ
𝚽𝑇 ( 𝜉, 𝑠 ) 𝒇 𝑡 𝑑Γ= ∫

1 

−1 
N 𝑢 ( 𝑠 ) |J ( 𝑠 ) |f 𝑡 𝑑𝑠 (40)

The second term is the body load vector. For the case of a constant
ody load, this term is expressed by substituting Eq. (31) and integrating
umerically with Gauss points as 

Ω
𝚽𝑇 ( 𝜉, 𝑠 ) 𝒇 𝑏 𝑑Ω= 

𝑛 ∑
𝑘 =1 

3 ∑
𝑖 =1 

[
𝑵 

𝑢 
𝑘𝑖 
( 𝑠 ) 𝝍 𝑢 𝜉𝑖 

−(0 . 5+ 𝑺 𝑛 ) 𝝍 

−1 
𝑢 

]𝑇 
𝒇 𝑏 𝐴 𝑘𝑖 (41) 
140 
here n represents the number of line elements in a polygon, k denotes
he k th triangle sector within a polygonal element and i denotes the i th 

ntegration point in the triangular sector. 

. Numerical example verification 

This section focuses on the rationality of the proposed method for nu-
erical analysis. The stress concentration coefficient of the infinite plate
ith a circular hole is firstly calculated, and verified against theoretical

olution. The stability is then discussed when the material is nearly in-
ompressible. Subsequently, work examples on different opening shapes
n structure are examined, in which flexibility and universality are tes-
ified. 

.1. Circular hole in a square plate 

Fig. 4 (a) shows the geometry of a plate with a circular hole, and the
chematic diagram for the solution is illustrated in Fig. 4 (b). Theoreti-
al solution derived from the classical continuum mechanics shows that
he local stress disturbance caused by the opening mainly occurs in the
ange of 1.5 times the diameter of the hole [63] . To eliminate the influ-
nce generated from stress disturbance, the length l = 10 r is selected for
he square in this calculation example. 

1) Polygon mesh 

In this paper, the polygon generation algorithm is mainly imple-
ented in two steps: firstly, the background triangle mesh is automat-

cally generated using CAE software; secondly, each vertex is taken as
he center (marked with symbol ▴), and the geometric center of all trian-
les sharing the center point are connected counterclockwise. A detailed
ketch of the polygon elements generation process is provided in Fig. 5 ,
nd more information can be referred in literature [29 , 34] . 

2) Quadtree mesh 

Quadtree, commonly known as quadrant quadtree, is an efficient
ata structure in computer information science. The core principle is to



K. Chen, D. Zou, H. Tang et al. Engineering Analysis with Boundary Elements 126 (2021) 136–150 

Fig. 6. An example of quadtree principle 

explanation. 

Fig. 7. Quadtree mesh and unstructured polyg- 

onal mesh. 

Fig. 8. Stress concentration factor with unstructured grid (Poisson’s ratio v = 0.3). 

141 
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Fig. 9. Stress concentration factor with unstructured grid (Poisson’s ratio v = 0.499). 
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Table 1 

Comparisons of stess concentration factor obtained from different method. 

Poisson’s 

ration 

Method Stess concentration factor (extremum) 

Quadtree mesh Polygon mesh 

0.3 SBFEM classical 

continuum 

3.33 3.25 

Proposed method 2.93 2.89 

0.499 SBFEM classical 

continuum 

3.51 3.48 

Proposed method 3.00 2.95 

a  

c  

i  

p  

o
 

c  

v  

c
 

m  

i  

n  

s  

w

(

 

t  

l  
ivide a square area into four quadrants regularly, and each quadrant
s further divided into four sub quadrants, so that the sub quadrants
re divided step by step until all the sub quadrants are uniform for the
henomenon represented (see Fig. 6 for an example of the principle).
nd detailed description and application simulations can be found in

he literatures [32 , 35 , 46] . 
In this section, the aforementioned highly-efficient quadtree mesh

nd unstructured polygonal mesh generation technologies are intro-
uced to discretize the calculation domain as shown in Fig. 7 . As a re-
ults, 1540 elements with 1732 nodes, and 1109 elements with 2222
odes are generated via quadtree and polygon scheme, respectively. 

Base on experimental results, the stress concentration factor of the
rifice is often smaller than that derived from the classical elastic theory
ue to the formulation of unique microstructure and inherent character-
stic scale observed in the actual engineering materials [18] . The stress
oncentration factor can be reasonably weakened considering the inter-
al length parameter of the material which shows better strain gradi-
nt of the orifice in SBFEM-Cosserat. Therefore, the stress concentration
actor of the circular hole should be less than 3.0 using the Cosserat con-
inuum [18] , [19] (the classical continuum mechanical derivation value
s 3.0 [63] ). 

In this calculation, modulus of elasticity E = 200 GPa and Poisson
= 0.3 are selected, and the Cosserat shear modulus is set as follows:

 c / G = 0.5 = c and 𝑑 = 

𝑙 𝑐 

2 

√ 

1 
𝑐 
+ 1 . Several internal length parameters

re given in this discussion, including l c = 0.1 r, 0.2 r, 0.3 r, 0.5 r, 1.0 r, 2.0 r,
.0 r, 8.0 r , aiming to investigate the variation of the stress concentra-
ion factor at the hole edge in detail (the determination of parameters
or Cosserat can be referred to literature [64] ). The stress concentra-
ion factor is defined as the ratio of the tensile stress at the hole top to
he uniform stress at the right boundary as shown in Fig. 8 where the
roposed method mostly agreed with theoretical solution [18 , 19] with
atisfactory accuracy in both quadtree and polygon mesh. With the vari-
142 
tion of the internal length parameter, the stress concentration coeffi-
ient tends to a certain value which is less than 3.0, indicating that the
nternal properties of materials can be reasonably considered using the
roposed method. Through the aforementioned results, the correctness
f the proposed method can be verified. 

Besides, the stability of the proposed method is strengthened when
onsidering this material as nearly incompressible (Poisson’s ratio
 = 0.499) as shown in Fig. 9 , wherein the incompressible materials
an be simulated even more accurately. 

In order to highlight the characteristics of the current proposed
ethod, a comparisons to the classical continuum approach are included

n Table 1 . As it can be seen, due to the internal length parameter can-
ot be considered, the stress concentration factor obtained by the clas-
ical continuum method is higher than that from the proposed method,
hichin the stress state at the hole edge might be overstated. 

1) Other holes in a square plate 

The application to different hole forms is further verified by using
he ellipse and diamond hole, as shown in Fig. 10 (a). Among them, the
ong axis of an ellipse is a = r = 0.01 m, the short axis is b = a /2. For



K. Chen, D. Zou, H. Tang et al. Engineering Analysis with Boundary Elements 126 (2021) 136–150 

Fig. 10. Ellipse and diamond opening 

form and grid discretization. 
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Table 2 

Comparisons of stress concentration factor obtained from different method. 

Poisson’s 

ration 

Method Stress extremum along x direction 

( × 10 3 MPa) 

Elliptical hole Rhombus hole 

0.3 SBFEM classical 

continuum 

3.34 9.64 

Cosserat 

continuum 

2.81 7.59 

Difference (%) 18.9 27.0 

0.499 SBFEM classical 

continuum 

3.51 19.32 

Cosserat 

continuum 

3.05 14.85 

Difference (%) 15.1 30.1 

4

 

o  

c

he rhombus, the long diagonal is set as 0.01 m, and the short diagonal
akes half. 

Polygon mesh discretization is exhibited in Fig. 10 (b). The de-
ailed parameters are defined as follows: elastic modulus E = 200 GPa,
osserat shear modulus G c / G = 0.5, and internal characteristic length
 c = 0.001 m. 

The results of two kinds of opening forms under different Poisson’s
atios are given in Fig. 11 and Fig. 12 . The maximum stress occurs at
he sharp top of hole edge, and good symmetry can be observed in the
tress distribution, which conforms to the general rule. When Poisson’s
atio is close to 0.5, the stress distribution remains normal, while the
xtreme value has increased. As a result, different opening structures can
e simulated conveniently and reasonably using the proposed method,
ven for incompressible material. 

The differences of stress extremum along x direction are listed in
able 2 , as it can be seen, for elliptical hole, Cosserat continuum can
eaken stress concentration from 3.34 GPa to 2.81 GPa (18.9%) relative

o classical continuum theory. Similarly, this is reduced from 3.51 GPa
o 3.05 GPa (15.1%) in terms of the Poisson’s ratio is close to 0.5. And
or rhombus hole, Cosserat continuum can weaken stress concentration
rom 9.64 GPa to 7.59 GPa (27.0%) relative to classical continuum the-
ry. Similarly, this is reduced from 19.32 GPa to 14.85 GPa (30.1%) in
erms of the Poisson’s ratio is close to 0.5. 
143 
. Application of complex opening structure 

In this section, two examples are employed, containing complex
pen-hole structures, aiming to verify the flexibility, universality, and
omplex geometry adaptability of the proposed method. 
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Fig. 11. Cloud chart of stress distribution 

around the elliptical hole. 
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.1. Analysis of multiple circular hole structure 

1) Polygon mesh 

The geometric information and polygon discretization of the first
xample is shown in Fig. 13 . The side length of the plate is 0.5 m, and
144 
he maximum diameter of the circular hole is 15.0 times the minimum
iameter in this example. Polygonal generation technology is used to
iscretize the complex opening hole structure. The automatic discretiza-
ion and the local refinement can be achieved around the circular hole
fter setting only the minimum and maximum mesh sizes. 5984 cells are
enerated with 11,965 nodes in this simulation. 
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Fig. 12. Cloud chart of stress distribution around a rhombus hole. 
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Fig. 13. Geometric and grid discretization of plate structures with multiple circular holes (polygon mesh). 

Fig. 14. Comparison results of plate structures 

with multiple circular holes. 
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The calculation is performed using SBFEM-Cosserat continuum and
lassical continuum theory, respectively. The calculation parameters
re selected as follows: the bottom edge of the plate is constrained,
 uniform load of 10.0 MPa is applied at the top, the elastic modulus
 = 30.0 GPa, and Poisson’s ratio v = 0.2. Extra parameters for Cosserat
s set as: G c = 0.5 G, l c = 0.001 m. 
146 
Analysis results in Fig. 14 show that the global distribution is gen-
rally the same of the two methods with differences in extreme val-
es: from the perspective of vertical stress, SBFEM-Cosserat can weaken
tress concentration from 43.0 MPa to 34.0 MPa (26.6%) relative to
lassical continuum theory. Similarly, this is reduced from 39.0 MPa to
1.0 MPa (25.8%) in terms of Von-Mises stress. The primary reason is
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Fig. 15. Quadtree discretization of plate struc- 

tures with multiple circular holes. 

Fig. 16. Comparison results of plate structures 

with multiple circular holes (quadtree mesh). 
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hat the element couple stress and the microstructure characteristics of
aterials can be considered in the former method. 

2) Quadtree element 

An efficient mesh subdivision algorithm is inherent in quadtree tech-
ology, enabling local mesh refinement can be achieved with less grids.
nd the technology has been utilized in the research work of relevant
cholars [32 , 35 , 65] . Therefore, the simulation of multiple circular hole
tructure is recalculate using quadtree mesh. As it is shown in Fig. 15 ,
 partial encryption scheme is adopted around the hole, as a result, a
otal of 3702 elements and 4132 nodes are generated. 
147 
The results are provided in Fig. 16 , as it can be seen, the stress dis-
ributions are consistent with aforementioned polygon grids. In general,
he stress concentration at the hole edge can be weaken using the pre-
ented SBFEM-Cosserat method, indicating the quadtree technology can
e introduced to further enhance the performance of managing complex
eometries. 

3) Quadrilateral element 

As stress gradient around the hole edge changes greatly, a refined
esh is necessary to accurately replicate the stress state around the hole.
owever, it is inconvenient to achieve scale variation efficiently with
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Fig. 17. Quadrilateral element with automatic discretization. 
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148 
he shape restriction of the classical quadrilateral element. Thus, more
rids have to be generated (36,456 elements with 37,061 nodes in total)
n Fig. 17 . 

The presented SBFEM-Cosserat continuum and the same parameters
re utilized in this simulation. Results of different grids are provided in
ig. 18 . The distributions of the classical quadrilateral element are con-
istent with those of the polygon element. Therefore, the computation
fforts can be reduced through the variation of element size. 

. Conclusion 

In this paper, a newly SBFEM-Cosserat polygonal element is pro-
osed via formulating and programming the theory of the Cosserat con-
inuum under the SBFEM framework. The stress concentration induced
y different opening forms on thin plate structures are investigated, and
he rationality and applicability of the presented method are also dis-
ussed. The main conclusions can be summarized as follows: 

(1) The generality and flexibility of the Cosserat continuum have
been enhanced. The proposed method has access to solving arbi-
trary polygon mesh over quadrilateral FEM which has limitations
on the element shape. Benefit by this, the efficient quadtree and
polygon discretization technology can be combined seamlessly
so that the analysis performance of the Cosserat continuum is
improved when disposing complex geometries and opening hole
structures. 
Fig. 18. Comparison of distribution using 

different grids. 
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(2) The stability of the Cosserat continuum has been further im-
proved. The results are in good agreement with the theoretical
solution, indicating that the presented method is credible and
reasonable for numerical analysis. More importantly, the results
remain to be identical with the analytical solution, even when
the material is nearly incompressible. Enabling the limitation
to be circumvented, namely, the volume self-locking would be
emerged, resulting in a loss of precision, when the Poisson’s ratio
approximates to 0.5 using the conventional method. 

(3) The stress concentration can be reasonably weakened consider-
ing the internal length parameter of the material which shows
better strain gradient of the orifice in SBFEM-Cosserat, making
the stress state of the structure would be described more reason-
ably. For the simulation of square plate with multiple circular
holes, the differences of two methods in extreme values are pro-
vided: from the perspective of vertical stress, SBFEM-Cosserat can
weaken stress concentration from 43.0 MPa to 34.0 MPa (26.6%)
relative to classical continuum theory. Similarly, this is reduced
from 39.0 MPa to 31.0 MPa (25.8%) in terms of Von-Mises stress.

This method could be employed to improve the efficiency of design,
nalysis, and optimization of complex opening structures, which is the
ocus of our future research. Furthermore, more advantages will emerge
hen extending the method to three-dimension and strain localization
nalysis. 
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